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ABSTRACT
. s . i KEYWORDS
Let H4 denote the coarse moduli space of smooth hyperelliptic curves of genus g in characteristicp > 3, arithmetic statistics:

and let H; denote the p-rank f stratum of Hg for 0 < f < g. Achter and Pries note that determining the hyperelliptic curves; moduli

. . f S . . space; positive characteristic;
number of irreducible components of’Hg would lead to several intriguing corollaries. In this paper, we present p-rank strata: non-ordinary

a computational approach for estimating the number of irreducible components in various p-rank strata. Our locus
strategy involves sampling curves over finite fields and calculating their p-ranks. From the data gathered, we

conjecture that the non-ordinary locus is geometrically irreducible for all genera g > 1. The data also leads us 2020 MATHEMATICS

. . g2 . . . PR . SUBJECT CLASSIFICATION
to conjecture that the moduli space Hg “ is irreducible and suggests that Hgis irreducible forall1 < f < g. 14Q05 (primary); 14H10,

We conclude with a brief discussion on 7—[8. 14G15, 14G17 (secondary)

1. Introduction

Throughout this paper, we consider hyperelliptic curves defined over a perfect field k of characteristic p > 3. Given a smooth curve
C/k of genus gc, we define the p-rank of C to be the integer f¢ such that Jac(C)[p] (k) = (Z / pZ)fC . By [1], the p-rank of C equals the
rank of the gth semilinear power of the Frobenius operator on H!(C, O¢). In particular, we have 0 < fc < gc.

Given a prime number p > 3, let H¢/IF), be the coarse moduli space of smooth hyperelliptic curves of genus g, up to geometric

isomorphism. For any 0 < f < g, let Hé denote the p-rank f stratum of #,, i.e. the coarse moduli space of smooth hyperelliptic
curves of genus g and p-rank at most f. The curves whose p-rank is less than g form the non-ordinary locus ’Hﬁ_l. In this paper, we
are interested in the geometry of ’HJ;, in particular its number of irreducible components.

Let ﬁ{; denote the p-rank f stratum of H,, the closure of H inside M. The full moduli space Hy = ﬁg is known to be irreducible
of dimension 2¢g — 1. Moreover, [2, Proposition 2.1] shows that the p-rank strata ﬂg are pure of codimension g — f and [3, Lemma

3.2] explains that every component of ﬁf intersects ’H{;. Combining these facts, one sees that for any 0 < f < g, the space ﬂ{; is
nonempty of dimension ¢ + f — 1 and the generic point of any component corresponds to a smooth hyperelliptic curve of genus g
with p-rank f. Little is known about the number of geometrically irreducible components of ﬁ{; for f < g in general.

Let A{g be the coarse moduli space of principally polarized abelian varieties of dimension g and p-rank at most f, such that the
Torelli morphism injects 7—[2 into A{;. By [4, Corollary 1.5], we know that the non-ordinary locus A?l is geometrically irreducible
whenever g > 1. Furthermore, by [5, Remark 4.7], we know that A{; is geometrically irreducible forallg > 3and all0 < f < g. (More

precisely, .Aé is the closure of a non-supersingular Newton stratum and it is shown in [5, Remark 4.7] that every non-supersingular
Newton stratum is irreducible.) However, much less is known about the p-rank strata of H,.

In the g = 1 case, we have H#; = M;,; = A, via the Torelli morphism. The p-rank 0 stratum 7—[(1) has dimension zero and the
Deuring-Eichler mass formula (see [6, Theorem 4.1(c)])) gives the exact number of points of H?, which is roughly Pl;zl Theg =2
case is also well understood. Oort shows in [4, Corollary 1.5] that A) is geometrically irreducible, and the geometric irreducibility of
H} follows from the fact that the generic point of A} corresponds to the Jacobian of a smooth hyperelliptic curve. Finally, the number
of geometric components of ), given in [7, Remarks 2.16 and 2.17], is shown to go to infinity as p increases.
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Forg > 3and f < g, the number of geometric components of Hg is less accessible, since it is no longer true that the generic point
of .Aé corresponds to the Jacobian of a hyperelliptic curve. It is observed in [3, Section 3.7] that an understanding of the number of
components of ﬂé has interesting applications. More precisely, if ﬂ{; has only one component, then in particular every component
contains the moduli point of a chain of elliptic curves clutched together. (We say two curves are clutched together if a marked point of
each is identified in an ordinary double point.) As a corollary, the closure of any component of ’H{; would intersect the space A,-[’Hg]f,
consisting of singular curves that are obtained by clutching at a ramified point two hyperelliptic curves whose respective genera are i
and g — i and whose p-ranks add up to f.

In this paper, we investigate this open question from a computational perspective. More precisely, we gather data by sampling
curves over finite fields and computing their p-ranks. Using the Lang-Weil bounds described in [8], these data strongly suggest
conjectures about the number of components of H{;.

Let ¢, f,» be the number of geometrically irreducible components of ’Hé and let ¢y r , - be the number of geometrically irreducible
components of 7—[£ that can be defined over IF,r. Recall that ﬁj‘; is pure of codimension g — f and ’Hfg is dense in ﬁj‘; Thus, if we take a
sample S consisting of Fp—isomorphism classes of hyperelliptic curves of genus g over IFyr, then the Lang-Weil bounds prescribe the
heuristic

#HICI €S| fc <f} _ Cofpr
#S pr&=h’

(1)

Here [C] is the Fp-isomorphism class of a curve C/IFyr. This allows us to estimate ¢, s, », which in turn provides evidence for the
number of geometric components ¢y, when r is varied. See Section 2.3 for a complete discussion of how we derive this heuristic.

In order to gather data on ¢y, -, We use two different methods for generating isomorphism classes of hyperelliptic curves. One
method is based on a family of pairwise non-isomorphic hyperelliptic curves over IF;, which is relatively efficient compared to methods
based on the invariants of the curves. The second method is based on an adaptation of [9], in which hyperelliptic curves over finite
fields are enumerated. To make this second method more computationally viable, we restrict our attention to the special case where
all branch points are defined over [Fyr. The p-rank of a curve C is computed efficiently as the rank of the g™ semilinear power of a
Hasse-Witt matrix of C, that is a matrix representing the semilinear action of Frobenius on H!(C, O¢) (see Section 2.2).

Since the sample size is limited by computational capacity, the estimate from Equation (1) is most precise for the non-ordinary
locus ’Hg_l. We use a large range of characteristics p, vary the exponent r, and run computations for genera g with 3 < g < 20. This
leads to the following conjecture, extending the known fact that H} is geometrically irreducible.

Conjecture A (Conjecture 4.3). For g > 3 and p > 3, the non-ordinary locus 7—L§_1 is geometrically irreducible.
Our methodology allows us to determine heuristics for lower p-rank strata as well. Since curves with smaller p-rank are rarer, the

evidence is generally less strong than for the non-ordinary locus. Nevertheless, the data allows us to make the following conjecture
for the moduli space ’Hﬁ_z.

Conjecture B (Conjecture 5.1). For g > 3 and p > 3, the moduli space H§_2 is geometrically irreducible.

Additionally, our data suggests that in general, this phenomenon remains the same for other p-rank strata. That is, the moduli

space Hé is geometrically irreducible for 1 < f < g and p > 3. While the data is leading in this direction, we have insufficient
evidence to make a concrete conjecture. Instead, we pose an open question to the community.

Question C (Question 5.2). For 1 < f < gandp > 3, is ’H{g always geometrically irreducible?

In contrast, our data on the p-rank 0 locus 13 suggests a different trend, namely that the number of components of H grows with
p. This leads us to make a conjecture.

Conjecture D (Conjecture 5.3). The number of components of H3 goes to infinity as p grows.
Furthermore, since the observed behavior for HJ extends the established behavior of 1 and H3, we pose the following question.
Question E (Question 5.4). For g > 3, does the number of geometric components of "Hg go to infinity as p grows?

Should Conjectures 4.3, 5.1 and 5.3 hold and Questions 5.2 and 5.4 be answered in the affirmative, we would have a complete

understanding of the number of components of HJ; for any g and f, generalizing the results in the literature for the specific cases
wheng <2orwhenf =g.

The overall structure of the paper is as follows. We start in Section 2 with a theoretical background on hyperelliptic curves, Hasse-
Witt matrices and Lang-Weil bounds. In Section 3, the two methods for generating pairwise non-isomorphic hyperelliptic curves
over [Fy are outlined. Then we turn our attention to analyzing data for the non-ordinary locus Hg_l in Section 4, presenting strong
evidence that this locus is geometrically irreducible for genera g with 3 < ¢ < 20 and p > 3. We conclude in Section 5 with a
discussion of heuristics for other p-rank strata of H,.



EXPERIMENTAL MATHEMATICS @ 3

Our work makes extensive use of the computer algebra system Magma [10]. The scripts written for and data collected throughout
this project can be found in the GitHub repository [11].

2. Background
2.1. Hyperelliptic curves over I

In this section, we will let p denote an odd prime, r > 1 be an integer, and g = p’. For our purposes, a curve is a geometrically
connected algebraic variety of dimension one. In particular, we are interested in hyperelliptic curves, which we define as follows.

Definition 2.1. Let k be a field not of characteristic 2. A hyperelliptic curve over k is a smooth, geometrically irreducible curve C/k
of genus at least 2 that admits a double cover to P!

Let C/F, be a hyperelliptic curve defined over IF,. Let g denote the genus of C. Then C has an affine model of the form y? = f(x)
where f (x) € IF4[x] is a separable polynomial of degree 2gc + 1 or 2g¢ + 2.

In this article, we often identify an isomorphism between two hyperelliptic curves given by affine models with the induced
automorphism of P!, and a scalar specifying the lift of this automorphism. More precisely, we use the following proposition.

Proposition 2.2. ([12, Prop. 1.10]). Let Cy and C, be two hyperelliptic curves defined over k, where k is a field not of characteristic 2.

Furthermore, let y* = fi(x) be an affine model of C;. We assume that C, and C, are k-isomorphic. Then there exist M = (‘z Z) €

GLy (k) and e € k™ such that the isomorphism is given by

(y) > ax+b ey
g4 ex+d (cx+d)stl)’

The pair (M, e) is unique up to replacement by (AM, \8Te) for ) € k*. In addition, the composition of (M, e) and (M, ¢') is given
by (M'M, €'e).

Given a hyperelliptic curve C/IF; with genus gc, we let Jac(C) denote the Jacobian of C, an abelian variety of dimension gc. A
major invariant of interest is the p-rank fc of C, that is the integer 0 < f¢ < gc such that #Jac(C) [p](Fp) = pr, where Jac(C)[p] is the
p-torsion group scheme of Jac(C). We say that a curve with p-rank fc =g¢ is ordinary, and non-ordinary otherwise.

Fix an integer ¢ > 2 and a prime p > 3. We denote by H,/IF, the coarse moduli space of smooth hyperelliptic curves of genus
g up to geometric isomorphism. It is known that H, is a geometrically irreducible quasi-projective scheme for any choice of g. For

0 < f < g, we denote by ’H£ the coarse moduli space of smooth hyperelliptic curves of genus g and p-rank at most f, again up to

geometric isomorphism. (Note that #5 = H,.) In the case of f = g — 1, we refer to ’H,§_1 as the non-ordinary locus of H,.
Our goal is to collect data on the p-ranks of hyperelliptic curves over F; up to geometric isomorphism. In turn, this data allows

us to draw conclusions primarily about the geometric structure of Hﬁfl. Our method also enables us to investigate the spaces 7—[{; for
f < g— 1. While [2, Theorem 2.3] shows that ﬁ{; is pure of codimension g — f and that ’HJ; sits densely inside ﬁg, we are particularly

interested in determining the number of geometrically irreducible components of ’Hg.

2.2. The Hasse-Witt matrix

The first step toward our goal involves sampling hyperelliptic curves over F;, which we detail in Section 3. Once we have a sample of
hyperelliptic curves, we then need to calculate the p-rank for each curve. To compute the p-rank of a specific curve C, we can study
a Hasse-Witt matrix of C.

Suppose that C/Fy is a hyperelliptic curve of genus g over Fy, where g = p". A Hasse-Witt matrix of C is a g x g-matrix
corresponding to the action of the Frobenius operator on a given basis of H!(C, O¢). Let A denote a Hasse-Witt matrix of C, and let
o denote the action of the p™ power map on A, i.e. A” = (af.z -1t follows from the main result of [1] that the p-rank of C is equal to

the rank of the g semilinear power of A, which can be written as
A® = AA7 ... A%

Note that when C is defined over F,, we have A®) = AS$. To compute a Hasse-Witt matrix in practice, we use the following
proposition.

Proposition 2.3. ([13], clarified by [14]). Let C/F, be a hyperelliptic curve with affine model y* = f (x), and define the constants c,, € F,
by

f(x)% = Z cmx™.
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Then the g x g-matrix A = (a;;) defined by a;j = cjp—; for all 0 < i,j < g is a Hasse-Witt matrix of C.

Proof. Let Bbe a g x g-matrix corresponding to the action of the Verschiebung operator on a basis of H(C, QL), commonly called a
Cartier-Manin matrix of C. If we choose the basis {x* ! % 1 <i<g}for H(C, Qé), then we can compute a Cartier-Manin matrix
B = (b;;) by writing

f(x)p%1 = Z cmx™

and taking b;; = cllp/f j»as initially described in [13] and later clarified in [14, Section 3.1]. Since B is a Cartier-Manin matrix of C,
A= BT = (Cjp—i)1<ij<g is a Hasse-Witt matrix of C (see [14, Section 2.4]). O

2.3. Lang-Weil bounds
Having computed p-ranks for the curves in our sample, we next need to turn this data about p-ranks into information about the
geometry of ’H{gf In order to obtain heuristics for the number of components of ’H{;, we make use of the Lang-Weil bounds.

Theorem 2.4. ([8, Cor. 2]). Let Fy be a finite field and let V' C P" be a geometrically irreducible variety of dimension d defined over IF.
Denote by V(IF) the set of IF4-rational points of V. Then we have

#VE,) =g +0(q0 ),

asr > 1grows.
As a consequence, if V/Fq has cy r,, top-dimensional geometrically irreducible components that can be defined over Fyr, then we
have

1
#V(qu) = CV qrd +0 (qr(dfi)) ,
asr > 1 grows.
For the purposes of this paper, one may take V = ﬁf, which is defined over IF,. Let cg 7, » be the number of irreducible components
of ’H{; x Spec(IFyr) that are geometrically irreducible, and let ¢y ¢, be the number of irreducible components of ’Hg X Spec(Fp). The
fact that ’HJ; is dense in 7—[{; (see [3, Lemma 3.2]) implies that one may interchange "H{; with 7—[2, in the definitions of cg s, » and ¢g 7.

Then since ﬁ{g is pure of dimension g + f — 1, as r > 1 grows, we have
T ) = eyt 4 0 (671D

Note that ’Hg is dense inside every component of ﬁ{g, so we find the same number of components if we restrict our search to

smooth hyperelliptic curves. Recall also that the full space ﬂg is geometrically irreducible. Given a sufficiently large sample S from
Hg(Fpr), it follows that

v r - r _1-1
# (S N /Hé) N Hg(Fpr) B Cof.prP g+f-D +0 (P (g+f-1 2)) e
#S gg(Fpr) - pr(ngl) +0 (pr(nglfé)) p’(g—f) .

This heuristic immediately results in an approximation of cg s, ,:

pr(g—f)#(s N %{g) @
Cofpr ¥ T
Fixing p, we note that the approximation becomes more accurate as the sample size grows and as r increases (i.e. as g = p” grows),
since the relative Lang-Weil error is O(q~'/2). Finally, we have

max Cofpr = Cofyp 3)

r<R
for R sufficiently large, since every geometric component can be defined over a finite field. Thus, this sampling method gives rather
strong evidence for the number ¢, s ,, which is our primary interest.

Remark 2.5. We note that ¢y ¢, » need not be equal to the number of components of ’Hg x Spec(IFyr), since "HJ; x Spec(Fyr) may
have irreducible components that are not geometrically irreducible. Over an algebraic closure, such a component splits into multiple
components that are Galois conjugate over IF,r. For the purposes of this paper, we are primarily interested in ¢, s, and Equation (3)

shows that ¢, , can be studied by studying c, s, » for varying r. Finally, we observe that the number of components of 7—[{, x Spec(IFyr)
is at least cg f,5 » and at most cg f .
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3. Computational methods

Let g > 2, p an odd prime, r > 1, and g = p". In the following sections, we detail the methods used to get our heuristics. We also
explain how our sampling methods avoid introducing biases in the p-rank data.

3.1. Family method

For this section, we assume that p does not divide 2¢ + 1 (otherwise, we use the alternate method described in Section 3.2). Our first
method for generating samples of hyperelliptic curves in H, x Spec(lFy) involves working with a quasi-affine subscheme Y, C H,
whose [F;-points are pairs (C, 00), where C is a hyperelliptic curve admitting an affine model over F; of the special form

}’2 — x84 alegfl + a2x2g72 +o, (4)

where o) = & # 0, and oo € C. Forgetting the marked point at 0o yields a quasi-finite map Y, — H,, whose fibers can be easily
computed algorithmically (see Proposition 3.4). In addition, since Y and H, both have dimension 2¢g — 1 and H, is irreducible, the
image of Yy under this forgetful map is Zariski-dense in H. As a consequence, it is not contained in a closed proper subscheme of
Hg. Moreover, appealing to Proposition 2.3, we do not expect that imposing the condition &y = &, # 0 in Equation (4) has any
effect on the p-rank of the curve. In conclusion, we do not expect that this sampling method introduces any bias. We then devise the
following sampling algorithm:

(1) Sample a random subset S of F 4 := Y, (IF,).

(2) For each C € S, compute the subset Lc C S consisting of curves that are geometrically isomorphic to C, and select the minimum
of Lc, for a chosen ordering on Fy[x].

(3) Remove duplicates that appear.

This algorithm can be adapted to account only for F4-isomorphisms and quadratic twists (see Remark 3.5), and it is computation-
ally much less costly. This modification is largely negligible in practice since, by [15, Theorem 3.7], the generic point of any component

of ’Hé corresponds to a curve with automorphism group C, and such curves can only have one non-trivial twist by [16, Corollary 10].

For small values of g and g, our computational power allows us to take S = F 4, but generally this is not feasible. The gathered
data for this sampling method is analyzed in Section 4.1. The following proposition justifies that it is a natural choice to consider
curves admitting a model of the form given in Equation (4).

Proposition 3.1. ([17, Prop. 1.2]). Let C/IF4 be a hyperelliptic curve of genus g with an F4-rational branch point. Then C admits a model
of the form y* = f(x), where f € Fy[x] is a monic polynomial of degree 2g + 1. Furthermore, if p does not divide 2g + 1, we can assume
that

fx) =% 4 f(x),

where f € F4lx] is of degree at most 2g — 1.

Proof. Since C has a rational branch point, it may be sent to infinity by a suitable change of coordinates. Thus, there exists f € [F4[x]
of degree 2¢ + 1 such that C is given by an affine model of the form y? = f(x). After multiplying x and y by elements in F*, we may

assume that the coefficient of x**! in f is 1. Furthermore, since p does not divide 2g + 1, a well-chosen linear change of variables

allows us to eliminate the x%8 term. O

We define a pointed curve to be a pair (C, P) consisting of a curve C and a marked point P on C. We consider pointed hyperelliptic
curves over IF,; with their marked point at infinity. Any isomorphism between two such pointed curves must preserve the point at
infinity, and isomorphisms of this form can be explicitly described using the following proposition.

Proposition 3.2. ([17, Prop. 1.2]). Let (C1,00) /Fy and (Cy, 00) /Fy be two pointed hyperelliptic curves defined by
y2 = x%1 4 fi(x)

where deg(f}) < 2g — 1. Then (Cy, 00) and (C,, 00) are geometrically isomorphic if and only if there exists u € F, such that

H(x) = utf (2)

To avoid the complication presented by this scaling action, we are led to consider the subset of pointed hyperelliptic curves with
marked points at infinity, where each curve has an affine model of the form

y2 — x2g+1 _}_alegfl +a2x2g72 4,
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such that o) = a, # 0. We denote by Y, the quasi-affine Spec(IF,)-subscheme of H, ) consisting of curves with a model of the form
given in Equation (4). Then we let Fy ; := Y, (IFy) be its set of IF;-points.

Corollary 3.3. With the same notation as above, let (C, 00), (Cp,00) € Fy 4 be defined by fi and f, respectively, such that f # f,. Then
these pointed hyperelliptic curves are not geometrically isomorphic.

Now, we wish to study the forgetful map Y, — H, in order to separate the curves in F ; by their geometric isomorphism classes
as non-pointed curves.

Proposition 3.4. Let (C,00) € Fg 4. There are at most 2g + 2 curves (C',00) € Fy 4 such that C is geometrically isomorphic to C'. We
provide an algorithm to compute the collection of all such curves.

Proof. Let (C, 00), (C',00) € Fy 4, given by affine equations y2 = h(x) and y2 = I (x), respectively. We show that to any isomorphism
¢ : C' = C, one can canonically associate a branch point of C. This correspondence bounds the number of curves in F 4 isomorphic
to Cby 2g + 2.

Indeed, the isomorphism ¢ realizes a bijection between the branch points of C’ and those of C. Let r be the branch point of C that
is the image under ¢ of the point at co on C'. Now, consider the curve C” obtained from C by a change of coordinates that sends r to
00. The curve C” then admits an affine model of the form y* = ax®*! + .. with o # 0. After scaling x and y by suitable constants,
and eliminating the term in x*¢ (which we can do since p does not divide 2¢ + 1 by assumption), we obtain a model of C” of the form

where f € k[x] has degree at most 2g — 1.

By construction, the composition of these coordinate changes yields an isomorphism from C' to C”, that preserves the branch
point at infinity. Therefore, (C’, 00) and (C”, 00) are isomorphic as pointed curves, thus by Proposition 3.2, they must differ only by a
scaling of x and y. We therefore conclude that for each branch point r of C, there exists at most one curve C; in F 4 such that C, >~ C,
so there can only be at most 2g + 2 of them.

This observation leads to a straightforward procedure for computing all curves in g4 that are isomorphic to a given curve
(C,00) € Fygq. First, compute the set of roots of the polynomial h defining C via y* = h(x). Then, for each root r, determine a
change of coordinates that sends r to 0o, and normalize the resulting equation to the form

2 2g+1
yt =% 4 f(0),
where f is of degree at most 2g — 1. If the coefficients of either x26~! or x6~2 in f are zero, the corresponding curve does not belong to
Fg,q and hence we ignore the result. Otherwise, use Proposition 3.2 to make the coefficients in x%~! and x* 2 equal. Finally, return

only those curves whose models have coefficients in IF,. O

Remark 3.5. In theory, Proposition 3.4 allows us to distinguish geometric isomorphism classes of curves. In practice, we consider
only the [F;-rational branch points of the curve C. This allows us to account for Fy-isomorphisms and quadratic twists, which makes
the algorithm more efficient and does not affect the quality of the data by [15, Theorem 3.7] and [16, Corollary 10].

3.2. Galois type method

We now turn our attention to an alternate method of sampling hyperelliptic curves to use in the cases when the family method is
not applicable and as reinforcement of the family method results. In [9], Howe describes an algorithm to enumerate all hyperelliptic
curves over [ up to F4-isomorphism for a specified genus. He does so by considering each possible Galois type over IF;, where the
Galois type of a hyperelliptic curve is the sorted tuple of degrees of the irreducible factors of the defining polynomial f in an affine
equation > = f(x). We adapted Algorithm 7.1 in [9] to compute the set of geometrically non-isomorphic curves of Galois type
(1,...,1) over Fy, or equivalently, of hyperelliptic curves over F, with models of the form y* = f(x), where

(1) the polynomial f splits completely over Iy, and
(2) the curves are unique up to geometric isomorphism.

Proposition 3.6 provides that curves of Galois type (1,...,1) have no twists other than the quadratic twists, which are easy to
exclude from our sample. For that reason, we did not need to make many changes to Howe’s algorithm to ensure that the curves we
consider are geometrically non-isomorphic.

We now give a geometric argument for sampling curves of Galois type (1,...,1) in order to obtain heuristics for ¢, ,. For g > 2,
let X¢ be the open subscheme of (IP1)%+2 whose coordinates are all pairwise distinct. Consider the map 7 : Xg — Hg that sends
a point (ay,...,d442) to the hyperelliptic curve admitting a double cover to P! branched along the divisor leflrz a;. Note that
the geometric isomorphism classes of hyperelliptic curves defined over I, that are of Galois type (1,.. ., 1) correspond precisely to
7 (Xg(Fyr)). Now, since 77 is surjective on geometric points, i.e. 77 (X, (Fp)) = H, (Fp), one may expect that sampling from 7 (X, (Fr))
for varying r gives heuristics that are representative for all of #,.

The algorithm goes as follows:
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(1) Takea; = 0,a, = 00, and loop over values of distinct 0 < a3 < ... < azg42 € ]F[;< (for a chosen order on IF‘qX) with lei-;z a; = 1.

The a;‘s correspond to the branch points of a curve C with Galois type (1,..., 1), and for every such curve there are multiple
possible values for the a;'s.

(2) To account for the different possible values for the a;‘s, consider all matrices in PGL,(IF,;) that send two of the a;’s to 0 and oo,
and keep the sum of the rest of the other branch points to 1.

(3) Sort each set of roots obtained, and take the minimal set of roots with respect to the lexicographical order.

(a) If the minimum appears several times, the corresponding curve has extra automorphisms, and we discard it.

(b) If the minimum is the original set of roots, then add the curve y2 =x ]_[lzi—;z (x — a;) to the list of curves. Note that to ensure
geometric isomorphism, the quadratic twist is not added to that list.

(c) If not, this set of branch points has been added already.

(4) Ifthe desired number of curves has been reached, or all possible values of a;‘s have been tested, return the list of curves. Otherwise,
continue.

Unlike the algorithm in [9], we exclude hyperelliptic curves with extra automorphisms. We do so for two reasons. First, excluding
these curves was less computationally expensive than including them (we can see that a configuration of roots is reached several times
without having to loop over all of the possible elements in PGL; (IF;;)), and only slight modifications to the original code from [9] were
necessary to exclude them. Second, the exclusion of curves with extra automorphisms does not result in a diluted data set. Indeed, by

[15, Theorem 3.7], the generic point of any geometrically irreducible component of ’H§ corresponds to a curve whose automorphism
group is C,. Thus, the curves with extra automorphisms do not significantly affect our data, and can be disregarded.

We also note that this method does not produce a random sample of hyperelliptic curves, as we return a sample of size s whose
roots are the smallest possible under the ordering on IF,;. However, we see no relationship between the size of the roots under this
choice of ordering and the p-rank strata of the corresponding hyperelliptic curves (see Proposition 2.3), so we do not believe this
biases our data toward particular p-rank strata. See Section 4.2 for the data generated via this method.

The following proposition helps us distinguish the curves of Galois type (1,..., 1) up to geometric isomorphism.

Proposition 3.6. Let C and C' be two geometrically isomorphic hyperelliptic curves defined over Fy such that all of their branch points
are defined over . Then C and C' are either IF4-isomorphic, or quadratic twists of each other.

Proof. Let : C — C' be a (geometric) isomorphism. After choosing affine models

C:y=ft0, C:y=f(0,
with f,f" € Fg[x], we identify v with the induced automorphism of P!, represented by a Mébius transformation M € PGL, (ﬁp),
together with a scalar e € F; accounting for the choice of quadratic twist (see Proposition 2.2). Since 1 maps any branch point of C
to a branch point of C', M must send the 2g + 2 branch points of C to those of C', seen as subsets of P! (IFy). Itis known that a Mobius
transformation is uniquely determined by specifying the image of three distinct points; therefore, since the images of 2g + 2 > 3
points lie in P! (Fy), the transformation M has coefficients in IF;. Applying this transformation to the defining equation of C yields
the equation

62y2 :f//(x),

with f” having the same roots as the polynomial f’. Thus, the polynomials f* and f” differ only by a scaling element in Fy, so that
et e Fg,andhencee € IF;Z. It follows that either ¥ is a F-isomorphism, or that C' is a quadratic twist of C. O

Remark 3.7. Suppose two curves over IF; of Galois type (1,...,1) returned by our algorithm are quadratic twists of each other. The
proof of Proposition 3.6 shows that their sets of roots must lie in the same PGL; (IF;)-orbit. This is not possible, because we only pick
one curve for each of these orbits. In fact, we remove the step in the algorithm in [9] that appends quadratic twists to the list.

3.3. Computation of p-ranks

Having collected a sample of hyperelliptic curves, we next need to compute the p-ranks of these curves. In practice, we have
implemented the following algorithm to compute the p-ranks of hyperelliptic curves using Hasse-Witt matrices. See Section 2.2
for more details.

INPUT: The polynomial f(x) € F;[x] and prime power g = p.
OutpuT: The p -rank of C : y* = f(x).

(D Computef(x)p%1 =Y cmx™andg= |_(deg(f) — 1)/2J.

(2) Define the Hasse-Witt matrix A = (a;;) by setting a;; = cjp—; forall 0 < i,j < g.
(3) If g = p', return the rank of A$, otherwise continue to step (4).

(4) If g = p" for r > 1, return the rank of A®) = AA” .. AT
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Table 1. Analysis of the data collected using the family sampling method for g = 3.

Field Prime range Sample size Median Mean Min. Max. Std. dev.
Fp 5-1000 10000000 1.012 1.016 0.982 1.092 0.020
Isz 3-300 10000000 1.006 1.009 0.877 1.161 0.045
IFp3 3-100 100000000 0.995 0.985 0.794 1.092 0.059
IFp4 3-30 100000000 1.002 1.005 0.976 1.054 0.026

Table 2. Analysis of the data collected using the family sampling method for g = 4.

Field Prime Range Sample Size Median Mean Min. Max. Std. Dev.
Fp 5-1000 10000000 1.001 1.001 0.979 1.027 0.007
]sz 5-300 10000000 1.001 0.998 0.831 1.118 0.049
]Fp3 5-100 100000000 1.001 0.999 0912 1.058 0.037
IFp4 5-30 100000000 1.001 0.998 0.954 1.049 0.032

4. Non-ordinary locus

In the following section, we provide an overview of the data collected regarding the number of components of the non-ordinary
locus. Sections 4.1 and 4.2 provide an analysis of the data collected using the sampling methods described in Sections 3.1 and 3.2,
respectively. Then we present our main conjecture based on these findings in Section 4.3.

The analysis for both sampling methods followed the same general structure. First, a sample of curves over IF; was generated using
one of the two algorithms previously discussed; we will denote the number of curves in this sample by s. Then the p-rank for each
curve in the sample was calculated using the method described in Section 2.2. With the p-rank data in hand, we could next count the
number of non-ordinary curves, which we will denote by N.

Using the above information, we computed

r

N
Mgpr = TP

for various p and appropriate values of r. (We give explicit ranges for p and values for r in the following subsections.) Recall that our
goal is to determine the number of geometrically irreducible components of the non-ordinary locus, ¢ g1, € Z=¢. As outlined in
Section 2.3, we expect the ratio of non-ordinary curves to sample curves to be proportional to ¢g g1, as defined in Equation (2).
Therefore, by computing Mg, », we can approximate cg¢—1,p,-» Which in turn allows us to find

Coo = maxcgo_ X max M
88— 1p <R 8% Lp.r r<R &pr

for sufficiently large R.

We then calculated several statistics on the data sets consisting of values of Mg, , for every prime p in a certain range of primes.
We determined the median and mean of these data sets to estimate the number of geometrically irreducible components. We also
found the minimum, maximum, and standard deviation of the data sets to emphasize the uniformity of the data.

4.1. Family method data analysis

This section details the data collected using the sampling method described in Section 3.1. Table 1 gives the data for the genus g = 3
case and Table 2 for the g = 4 case. We were also able to use this method to collect data for the cases of 5 < g < 20. The data
collected for these genera indicate similar phenomena to those observed in the ¢ = 3 and g = 4 cases, so we use these small genera
as examples. The complete data set can be found in [11].

Let Fg 4 denote the set of IFy-isomorphism classes of hyperelliptic curves C such that (C, 00) € F 4 (see Section 3.1 for notation).
We note that for r = 1 and genus g € {3, 4, 5}, we were able to collect data for all isomorphism classes in F  for a small number of
primes p, specifically in the cases of

e g=3forp=>5and 1l <p <47,
e g=4for5<p<17and
e g=5for3<p<7.

The sample sizes in these cases are noted with an asterisk (x), as the number of curves sampled exceeded the sample size listed for
certain p. In particular,

o forg= 3,#F3, >s=10000000 for 29 < p < 47;
o forg= 4,#F4p >s=10000000 for11 < p < 17;and
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Figure 1. Values of M3,  for each prime p.

o forg=>5#Fs,>s=10000000forp=7.

Note that for small p, the number of curves in the sample cannot always reach the intended sample size, e.g. for g = 4 and p = 5,
#F,5 = 38 556. Therefore, s is the upper bound of the sample size, used for the majority of the primes p, except in the aforementioned
cases.

To further support our data analysis, Figure 1 illustrates the values of M3 , , that we calculated for each prime p and the appropriate
value of 7. We note that for the majority of data points, the percent error, i.e. the difference between the calculated M-value and the
expected value of ¢ g1, = 1, is less than 5%.

Remark 4.1. To corroborate the data we saw for small p when r < 4, we computed samples of curves for small values of p and large
values of r when g € {3,4, 5}, and computed their p-ranks.
For ease of notation, define

Llog(lOOOOO)J ;O ip =2
= = = ifp =
’ log(p) P

5 ifp=7

to be the maximum value of 7 such that p” < 100 000. (This upper bound was chosen as, in practice, we were able to find a sufficient
number of non-ordinary curves to make reasonable conclusions when p” was below this threshold.)
For the cases of

° g=3,pe{3,5},and2§r§rp,
° g:4,pe{5,7},and2§r§rp,and
° g:S,pe{3,5,7},and3§r§rp.

we computed the p-ranks of samples of upto 10,000, 000 curves, and found similar statistics for M, » as those shared above. Data
for these computations can be found in [11].
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Table 3. Analysis of the data collected using the Galois type sampling method for g = 3.

Field Prime range Sample size Median Mean Min. Max. Std. dev.
Fp 17-300 10000000 1.006 1.006 0.858 1.174 0.056
]Fp3 7-100 100000000 1.000 0.999 0.945 1.059 0.028
F 4 5-30 100000000 0.998 1.002 0.982 1.033 0.019

Table 4. Analysis of the data collected using the Galois type sampling method for g = 4.

Field Prime Range Sample Size Median Mean Min. Max. Std. dev.
o 11-300 10000000 1.008 1.009 0.896 1.228 0.053
IFpg 7-100 100000000 1.000 0.997 0.941 1.060 0.026
F 4 5-30 100000000 1.003 0.998 0.960 1.022 0.019

4.2. Galois type method data analysis

Tables 3 and 4 communicate the data collected using the Galois type method discussed in Section 3.2 for the cases g = 3 and g = 4,
respectively. We also used this method in the g = 5 case and found similar statistics; the data can be found in [11]. The Galois type
method is more computationally expensive than the family method, so while this method could be extended to higher genera, we
primarily used it to reinforce the results from the family method and expect similar behavior in higher genera.

We note that for this data, the lower bound of the prime range is the first prime at which the full sample size is reached. Therefore,
every sample has exactly the size listed. As in the previous case, we report the median, mean, minimum, maximum, and standard
deviation of the data sets consisting of values of Mg, » for every prime p in the prime range for a given field of definition. We also
remind the reader that this method does not produce a random sample of hyperelliptic curves, as we return a sample whose roots are
the smallest possible under the ordering on F;. As discussed in Section 3.2, we do not believe this biases our data.

Remark 4.2. When the Galois type method is applied over I, the results exhibit unexpected behavior. When considering curves
defined over Iy, we checked samples of sizes up to 10,000,000 when g = 3 and up to 1,000,000 when g € {4, 5} for the prime
ranges

e 17 < p < 1000 when g = 3,
e 17 < p < 660 when g = 4, and
e 17 <p < 410wheng =>5.

When p = 34, we found an abundance of non-ordinary curves whose branch points are defined over Fy. In this case, the values
of Mg, 1 sit between 1.5 and 4, but are not particularly close to any integer. However, we found a lack of non-ordinary curves when
p = 14. In these cases Mg, ; is often close to 0, if not equal to 0.

We note that this behavior disappears when the Galois type method is applied over IF,r for r > 1, as in the data above. Additionally,
when we instead consider all the Galois types over IF, for 3 < p < 47, there is again no difference between p = 14 and p = 34; in
both cases, the data suggest irreducibility of the non-ordinary locus.

We have no explanation presently as to why this phenomenon occurs. Moreover, our queries failed to produce any hyperelliptic
curves of p-rank 0 whose branch points were all defined over IFf, when p = 14 and g € {3,5}, even after sampling up to
1,000,000, 000 curves for primes 5 < p < 200 when g =3 and 5 < p < 80 when g = 5.

4.3. Main conjecture

Recall that cg 7, , is defined as the number of irreducible components of 7—[{; x Spec(lFyr) that are also geometrically irreducible. The
data presented in Section 4.1 and [11] provides strong evidence that cg o1, = 1 in the following cases:

3<g<5r=1and5 <p < 1000;
3<g<5,r=2and3 <p < 300;
3<g<5,r=3and3 <p < 100;
3<g<5r=4and3 <p < 30;

6 <g<20,r=1and5 < p < 500;

6 <g<20,r=2and3 < p < 100.
3<g<53<p<7andr< Llog(lOOOOO)/log(p)J.

Additionally, the data presented in Section 4.2 and [11] provides strong evidence that ¢g o1, = 1 in the following cases:

3<g<5r=2and17 <p < 300;
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Table 5. Statistics for data sets of Mg,g_2 p,1 for 3 < g < 20 collected using the family method.

Genus Prime range Sample size Median Mean Min. Max. Std. dev.
3 5-1000 10000000* 0.992 0.974 0.294 1.643 0.195
4 5-1000 10000000* 1.014 0.999 0.381 1.604 0.182
5 3-1000 10000000* 1.010 0.992 0.432 1.704 0.175
6 5-500 10000000 1.036 1.031 0.219 2.062 0.287
7 7-500 10000000 1.030 1.012 0.202 1.688 0.244
8 3-500 10000000 1.009 1.035 0.425 1.930 0.272
9 3-500 10000000 1.046 1.066 0.303 2313 0.304
10 5-500 10000000 1.007 0.962 0.429 1.867 0.270
1 3-500 10000000 1.037 0.990 0.322 1.913 0.266
12 3-500 10000000 1.005 1.020 0.294 2.062 0.256
13 5-500 10000000 0.987 1.030 0.213 2.118 0.313
14 3-500 10000000 1.044 1.018 0.000 1.756 0.276
15 3-500 10000000 1.043 1.051 0.269 1.745 0.251
16 5-500 10000000 1.034 1.004 0.144 1.766 0.308
17 3-500 10000000 0.998 0.965 0.229 1.809 0.266
18 3-500 10000000 0.991 0.999 0.201 1.816 0.235
19 5-500 10000000 0.997 0.996 0.229 1.913 0.250
20 3-500 10000000 1.042 1.020 0.218 2.372 0.274

e 3<g<5r=3and7 <p < 100;
e 3<g<5r=4and5<p <30

Note that when p" is small, there do not exist enough curves over Fpr to give a reliable estimate. On the other hand, when p” is
large compared to the sample size, the non-ordinary curves are too rare to give a reliable estimate. If cg o1, would grow with g, p
or r, one would expect that such a phenomenon should be visible in the samples presented in this section.

We suspect that the behavior does not change when g > 20, when r > 4, or when p > 1000. For comparison, the reducibility of
’H(l’ becomes apparent when p" = 52 (see [6, Theorem 4.1(c)]) and the reducibility of ’Hg becomes apparent already when p" = 72
(see [7, Remark 2.17]). In summary, given the behavior for smaller genera, we are confident in making the following conjecture.

Conjecture 4.3. For g > 3 and p > 3, the non-ordinary locus ’Hgil is geometrically irreducible.

Recall that A} is geometrically irreducible by [4, Corollary 1.5], and the geometric irreducibility of #; follows from the fact that
the generic point of A} corresponds to the Jacobian of a smooth hyperelliptic curve. Thus, this conjecture is a generalization of the
known result for g = 2.

5. Other p-rank strata
5.1. p-rank atleast 1

A major benefit of our computations is that we not only count curves of p-rank g — 1, but of all p-ranks f < g — 1. Consequently,
we were able to extend our study to other p-rank strata. The method described in Section 3.1 was also applied to gather evidence
for the number of components of Hgiz for 3 < g < 20. This yielded heuristics that are very similar to the heuristics in Section
4.1. Additionally, the Galois type method described in Section 3.2 was applied for g = 3. Again by [15, Theorem 3.7], we are able to
exclude curves with extra automorphisms without affecting the quality of the data.

To count the number of curves with p-rank f < g — 2, we employed a similar method to that described at the start of Section
4. By abuse of notation, we identify S with the corresponding subset of H(IF,r). Since 7—[‘52 has codimension 2, for each sample
S € Hg(IFpr), we computed the ratio

#SNHTD
g p2 )

M _ fr—
&8Pt #S

We then calculated the median, mean, minimum, maximum, and standard deviation on the data sets consisting of values of
Mg g2 p,r for every prime p in a certain prime range for a given field of definition.

Table 5 illustrates the above statistics for Mgg—2p1 for 3 < g < 20 collected using the family method. As mentioned above, we
also computed similar statistics using the Galois type method. These statistics corroborated the results determined using the family
method and so are not included in the table; they can be found in full in [11]. Similar to Tables 1 and 2, we note that since r = 1, we
were able to collect data for the entire family of curves for a small number of primes p. The sample sizes in these cases are once again
noted with an asterisk () to indicate that for certain p, the entire family exceeded the sample size listed.

Table 5 suggests that 7—[572 is geometrically irreducible for the considered values of g and p. Additional data for r = 2 is available
in [11] and exhibits similar behavior to the r = 1 case for the smaller prime ranges we could compute. We note that the minima are
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Figure 2. Values of M3 1 p,1 for each prime p collected using the family method illustrating how the spread widens as p grows.
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Figure 3. Values of M3 g p,1 for each prime p, collected using both sampling methods.

smaller and the maxima are larger in this data than in the non-ordinary data. We attribute this to the rarity of curves with desired
p-rank.

Figure 2 demonstrates how the error of M3 1 5,1 behaves. The spread of the values of M3 ; 5,1 widens as p grows, simply because the
curves of p-rank at most ¢ — 2 become increasingly rare compared to the size of the dataset. For example, in the g = 3 case, there are
1001 curves with p-rank f < 1 when p = 103, but only 10 such curves when p = 883. Given this explanation along with the data
available, we feel confident making the following conjecture.

Conjecture 5.1. For g > 3 and p > 3, the moduli space ’H§_2 is geometrically irreducible.

Since curves of even smaller p-rank are very rare, it is difficult to obtain reliable heuristics for the number of components of ’Hé
when f < ¢ — 2. For 3 < p < 100, our data indicates that c41 1 = ¢52p1 = 1, though it is computationally infeasible to obtain
statistically significant evidence. The following question aims to generalize both known theoretical results and our computational
heuristics.

Question 5.2. For1 < f < gandp > 3, is ’Hj; always geometrically irreducible?

The answer to this question is known to be affirmative when f = g or when (f,g) = (1, 2). The heuristics we provide in this paper
form strong evidence that the answer is also affirmative when g — f is small.

5.2, p-Rank 0

We conclude with a brief discussion about the p-rank 0 locus. Recall, in the ¢ = 1 case, the Deuring-Eichler mass formula gives the
exact number of points of 7, which is roughly pl;zl That is, the number of points grows with p. Moreover, in the g = 2 case, [7,
Remarks 2.16 and 2.17] show that the number of geometric components of 79 goes to infinity as p increases. Figure 3 illustrates our
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computational findings, showing the values of M3 ¢ ,1 for each prime p, collected using both sampling methods. The trend of the data

indicates that the number components of HJ x Spec(Fp) is also growing with p.

While the values of M3, are growing with p, curiously, they are not concentrated around integers. We note that a similar
phenomenon occurs when running experiments on genus 2 curves, possible thanks to [9]. That is, we once again see non-integral
values when r = 1 for those curves. However, since there are fewer curves than in higher genera, it is possible to enumerate them
over [F,» for small primes p. What results are values of M3,,,> that are much closer to integers. We have no explanation as to why this
phenomenon occurs when r = 1, but given that we see similar behavior in smaller genera, we feel confident in the validity of our
techniques. In summary, our data warrants the following conjecture.

Conjecture 5.3. The number of geometric components of H3 goes to infinity as p grows.

As previously noted, this conjecture generalizes the theoretically known behavior for #? and H9J. An interesting question to ask
is whether this phenomenon persists for g > 4; however, we do not currently know how to further the investigation with our present
methods and implementations, as the computations become prohibitive in the ranges we would need to test.

Question 5.4. For g > 4, does the number of geometric components of 7—[2 go to infinity as p grows?
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